ABSTRACT Single molecule tracking is a powerful way to look at the dynamic organization of plasma membranes. However there are some limitations to its use. For example, it was recently observed (1), using numerical simulation, that time-averaging effects inherent to the exposure time of detectors are likely to bias the apparent motion of molecules confined in microdomains. Here, we solve this apparently limiting issue analytically. We explore this phenomenon by calculating its effects on the observed diffusion coefficients and domain sizes. We demonstrate that the real parameters can be easily recovered from the measured apparent ones. Interestingly, we find that single molecule tracking can be used to explore events occurring at a time scale smaller than the exposure time.
It has been pointed out (1) that time-averaging, due to the exposure time of detectors in single molecule tracking experiments, can have dramatic effects. This is particularly important in measures of the apparent motion of tracked molecules (proteins or lipids) at the cell surface when they are confined in small regions of the membrane, such as rafts, synapses or other signaling platforms. Diffusion coefficients and size of confining domains can be significantly under-estimated. However, the arguments used relied on numerical simulation (1) and it seems important to validate them by analytical calculation. The work presented here addresses this issue and also enables the prediction of the range of experimental parameters within which this detector time-averaging effect perturbs the observations. Using systematic quantification of the time-averaging effects in the ranges of parameters of experimental relevance, we demonstrate that the values of diffusion coefficients or domain sizes are not significantly affected in a broad range of parameters. In addition, we show that these effects can be easily corrected and that real parameters can be recovered from those measured using simple formulae.
Consider a molecule diffusing in the membrane with diffusion coefficient D. Its displacements are followed by single molecule tracking by means of a detector with exposure time T. R m (t) denotes the measured position of the molecule at time t (multiple of T).
The measured mean-square deviation MSD m (t) is
where the brackets denote a discrete average over frames s. We further suppose that the diffusion is restricted to a square domain of side L. The usual experimental procedure to extract information from MSD m (t) is to fit it with the expected generic expression ) (t MSD fit m for a confined diffusion: The real time-dependent positions of the molecule (as opposed to those measured) are denoted by r(t). Since the molecule is confined, they are correlated. The real equilibriation time τ in the box is the typical decay-time of the following two-time correlator C(t) where averages are over times s:
In practice, there are several time scales because the different modes of the diffusion operator do not decay at the same rate in the square box (2) . The slowest mode decays exponentially with a decay- 
as C(0), the variance of r(t), equals L 2 /6. To restore the fact that C(t)-
at small t for a diffusing molecule, we need to set
Note that Eqs. 5 and 6 remain valid if the confining domain is not a square, but a disk, an ellipse or any more complex shape. In such cases, τ still represents the equilibriation time and L is the typical domain size. For example, if the domain is a circle, its diameter is related to L by d= (2/√3) L. For a quadratic confining potential, U(r)=1/2Kr 2 , Eq. 5 is even exact (5) and L is the typical width of the trap at temperature θ given by L 2 = 6k B θ/K.
The measured position R m (t) is related to the real one by
After replacing R m (t) using Eq. 7, the expansion of Eq. 1 leads to four correlators. Approximating them with Eq. 5 and setting x = τ / T gives
This exact expression of the measured MSD m (t) in the case of a detector time-averaging is valid only if t ≥ T. If t < T, MSD m (t) is still calculable but this is beyond the scope of this Letter.
We extract the measured parameters from MSD m (t) as described above and compare them to the real ones. The domain size L m is obtained by equaling the large t limits of Eqs. 8 and 2:
From Eq. 2, we get τ m via the simple relation ( ).
We have checked that within the range of parameters studied here, the so-obtained value of τ m is the same as the one deduced from the fit of MSD m (t) by Eq. 2. If we set f(x) = x 2 (exp(1/x) + exp(-1/x) -2), Eqs. 10 and 8 give . ) (
When x is large, or τ >> T, the previous equation which is of immediate practical interest to extract equilibriation times from measured ones. The real L is then calculated using Eq. 9 which reads 2 1 2
and the real D can now be recovered from Eq. 6. The corrected parameters are thus simply determined using Eqs. 13 and 6. In the case of an exposure (or averaging) time T smaller than the time T' between two successive frames, the calculation leading to Eq. 8 is unchanged as well as its consequences. In particular, Eqs. 12 and 13 still hold. If the confinement geometry is more complex than a square, the whole analysis, based on the correlator in Eq. 5 itself independent of geometry, remains valid. The only difference is that L does then not measure the side of a square but a typical domain size.
To summarize, we have quantified how timeaveraging affects observables of biological interest. However, if τ is large compared to the exposure time T, then τ, L and D remain essentially unmodified. This point is illustrated in both Table 1 and in the following example.
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The cases of domain-to-domain jumps or other mechanisms leading to slow long-term diffusion (with coefficient D MAC ) superimposed to confined short-term diffusion (4) deserve attention (1). We consider, as an example, the movement of the µ-opioid receptor at the surface of a Normal Rat Kidney fibroblast cell from Ref. (3) . We calculate MSD m (t) from one trajectory acquired at common video rate i.e. T = 40 ms (see Fig. 1 ). (1), we have performed numerical simulations in all relevant ranges of the parameters (τ ≥ T/3). The agreement with our analytical predictions is excellent (see Table 1 ). Our formulae allow to recover accurately the real L and D from those measured within a few percents. To conclude, we have demonstrated that the drawbacks of single molecule tracking techniques due to time-averaging are limited. In the case of confined diffusion in membrane domains, we have proposed simple formulae to recover the real domain sizes and diffusion coefficients from those measured. The accuracy remains excellent for confinements with characteristic diffusion times down to τ = T/3 where T is the exposure time, i.e. τ is of the order of 10 ms at common video rates. Interestingly, this work has shown that events occurring at a time scale smaller than the exposure time can be explored by single molecule tracking.
